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SMOOTHING OF SEMISTABLE FANO VARIETIES
JUNCHAO SHENTU
Abstract. Given any field k (not necessarily perfect), we study the smoothing of a semistable
Fano variety over k. In characteristic 0, the reduced semistable Fano degenerate fibers of Mori
fibrations are classified. In positive characteristic, under a suitable W2 lifting assumption, we prove
that a semistable Fano variety always appears as a degenerate fiber in a semistable family if it has a
global log structure (in the sense of Fontaine-Illusie-Kato) of semistable type. A similar smoothing
result over a mixed characteristic base is also obtained.
1. Introduction
In this paper we investigate the possible reduced semistable degenerate fibers of a smooth Fano
family. The investigation is motivated by the following two problems:
(1) Given a projective algebraic variety X (defined over the complex number field) whose Ko-
daira dimension is −∞. Then conjecturally there is a modification X ′ → X and a fibration
f : X ′ → B (Mori fibration) such that X ′ is smooth projective and the general fibers of
f are smooth Fano varieties. Resembling to Kodaira’s theory of degenerations of elliptic
curves, the geometry of the singular fibers (usually non-normal) of f have great influence
on the birational geometry of X. The simplest possible non-normal singularities in the
fibers of f are the semistable singularities (those which are analytically isomorphic to a
product of normal crossing singularities). In fact, conjecturally ([1], Conjecture 0.2) after
a finite base change and a birational modification, the family can always be brought to a
semistable family ([1]). Hence it’s natural to ask what kind of Fano variety with semistable
singularities appear in a semistable family with Fano general fibers.
(2) Let X be a projective smooth Fano variety over a local field K of mixed characteristic.
One can not hope generally that X has a smooth model even after a base field extension.
However, it is conjectured that after a finite extension K ⊆ L, XL would have a semistable
model, i.e., there exists a semistable family X over OL whose generic fiber is isomorphic to
XL. Therefore it is natural to ask what kind of Fano variety with semistable singularities
appear to be the special fiber of a semistable model of a Fano manifold defined over K.
The degeneration of Fano manifolds is studied by T. Fujita ([4]), who gives a complete list of
reducible singular fibers in a (minimal) family of del Pezzo manifolds over an algebraic curve (A
Fano manifold X is called del Pezzo if indX = dimX − 1). Latter, Y. Kachi [7] proves that all
d-semistable normal crossing del Pezzo surfaces are contained in Fujita’s list by showing that each d-
semistable del Pezzo surface has a smoothing. This smoothable property is generalized to arbitrary
dimensional d-semistable normal crossing Fano varieties defined over an algebraically closed field
of characteristic zero by Tziolas [15]. Since any family over a curve can always be modified into
a family with normal crossing fibers ([13]), Tziolas’s work classifies the simplest Fano degenerate
fibers of a 1-parameter family of Fano manifolds.
However the Mori fibrations generally have higher dimensional bases, in which case the normal
crossing singularities are no longer enough for the degenerate fibers ([8]). The simplest example in
which the degeneration can not be normal crossing is the 2-parameter family of surfaces defined
by t1 = x1y1 and t2 = x2y2. Conjecturally ([1], Conjecture 0.2), the best singularities that one
can hope for is the semistable singularities (étale locally a product of normal crossing singularities)
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and any geometric generic integral family can be modified into a semistable family. Given pairs
(X,DX ) and (Y,DY ) such that X, Y are smooth and DX , DY are normal crossing divisors. A log
morphism f : (X,DX) → (Y,DY ) (A morphism f : X → Y such that f−1(DY ) ⊆ DX) is called
semistable if formal locally f is isomorphic to the spectrum of
k[[y1, · · · , yr]]→ k[[x1, · · · , xn]]
yi 7→ xli−1 + · · · xli
where 0 = l0 ≤ l1 < · · · < lr = n. DX (resp. DY ) are defined by the product of some of xi (resp.
yi).
In this paper, we study the the problem that which kind of semistable Fano varieties may appear
in a semistable family whose general fibers are Fano manifolds. We work over an arbitrary field
and allow the degenerate fiber to have self intersections. The main results are:
Theorem 1.1 (Corollary 4.4). Let k be a field of characteristic 0 and X be a Fano semistable
variety. Let r ≥ 1 be an integer. Then the followings are equivalent:
(1) there exists a smooth variety with a normal crossing divisor (X ,DX ) which is semistable
(Definition 2.1) over (B,DB) such that
(a) B is an r dimensional smooth variety over k, 0 ∈ B is a k-point, and DB is a simple
normal crossing divisor whose number of branches at 0 is r;
(b) X0 ≃ X.
(2) X has a log structure (in the sense of Kato-Fontain-Illusie) of semistable type over (k,Nr 7→
0).
A variety with semistable singularities is called ’Fano’ if its dualizing sheaf is an anti-ample
invertible sheaf. For the readers who are not familiar with log geometry in the sense of Fontaine-
Illusie-Kato, the condition that a semistable variety has a log structure of semistable type is a
global condition on how do the components of the variety intersect each other. For example, if X is
a union of two smooth components X1 and X2 which intersect transversely along a smooth variety
D. Then X has a log structure of semistable type if and only if NX1/D ⊗ NX2/D is a trivial line
bundle on D.
Theorem 1.2 (Corollary 4.5). Let k be a field of characteristic p > 0 and X is a log variety
semistable log smooth over (k,Nr 7→ 0) for some r ≥ 0. Assume dimX < p. If X is Fano and
admits a log smooth lifting over (C2(k),Nr 7→ 0), then there exists a smooth variety with a normal
crossing divisor (X ,DX ) which is semistable over (B,DB) such that
(1) B is an r dimensional smooth variety over k, 0 ∈ B is a k-point, and DB is a simple normal
crossing divisor whose number of branches at 0 is r;
(2) X0 ≃ X as log varieties.
Moreover if r = 1 (i.e., X is d-semistable in the sense of [3]), then X appears in a semistable
reduction over C(k).
The technique that we use in this paper is the log deformation, which is first used by Y. Kawamata
and Y. Namikawa to smooth certain normal crossing Calabi-Yau varieties in [11] (although they
do not use the formal language of log geometry). There are two advantages by using deformations
to respect log structures:
(1) If we endow a normal crossing singularity x1 · · · xr = 0 with the canonical log structure, it
becomes smooth in the log scheme category. Although there are many types of deformations
of x1 · · · xr = 0, the log smooth deformation of x1 · · · xr = 0 which respects the canonical log
structure is quite simple. There are two types of log smooth deformation of x1 · · · xr = 0,
one keep the type of the singularity (x1 · · · xr = 0), the other one smooth it (x1 · · · xr = t).
Therefore, if we choose the log smooth deformation which smooths the singularities, we
automatically get a semistable family.
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(2) Generally, semistable Fano varieties are obstructed. However one can show that they are
unobstructed under the log smooth deformation. In fact their log obstruction space vanish
(Proposition 3.6).
In [15], Tziolas proves the vanishing of the log obstruction space of a d-semistable normal crossing
Fano variety by normalizing the singularities and reducing the vanishing theorem to the Akizuki-
Nakano-Kodaira vanishing theorem of log pairs. However, in the semistable case, the method
of normalizing becomes combinationally more complicated. On the other hand, the method of
normalizing is not so effective in positive characteristic. In this paper, we use the full power of
log geometry which is introduced by Fontaine-Illusie and is developed by K. Kato [9]. By using
K. Kato’s decomposition theorem of log de Rham complex (Theorem 3), we are able to prove a
general Akizuki-Nakano-Kodaira type vanishing theorem for semistable log varieties (Theorem 3.5
and Corollary 3.6) over any field. The vanishing of log obstruction space of semistable log Fano
varieties is an easy consequence.
As long as the log deformation is unobstructed, we are able to lift the semistable log variety over
a complete ring (provided a lifting of an ample line bundle). Then we prove the limit preserving
property of semistable log smooth morphisms (Proposition 4.2) and use Artin’s approximation
theorem to extend the family to a variety base.
This paper is organized as follows:
In section 2 we introduce the notions in log geometry which are necessary for the paper. We also
introduce K. Kato’s obstruction theory of log smooth deformations.
In section 3 we proves an Akizuki-Nakano-Kodaira type vanishing theorem for semistable log
varieties (Theorem 3.5 and Corollary 3.6) by using K. Kato’s decomposition theorem of log de
Rham complex (Theorem 3). As a consequence, we prove that the obstruction space of the log
smooth deformation of a semistable log Fano variety vanishes.
In section 4 we prove the limit preserving property of the semistable log smooth morphisms
(Proposition 4.2) and prove the main results of this paper (Theorem 1.1 and Theorem 1.2).
Notations:
We mainly follow the notions and notations in [9] with some exceptions:
• We use the capital letters X, Y , etc. to denote log schemes. If X is a log scheme, we denote
X be the underlying scheme and αX : MX → OX be the log structure.
• We denote a log cotangent sheaf by Ω instead of ω as in [9].
2. Logarithmic Geometry and Logarithmic Deformation
A log scheme is a triple X = (X,MX , α) consists of
• a scheme X,
• a sheaf MX (on the étale topology on X) of monoids and
• a morphism of sheaf of monoids α : MX → OX from MX to the multiplication monoid
(OX ,×) such that
α|α−1O∗
X
: α−1O∗X → O
∗
X
is an isomorphism.
(MX , α) is called the log structure of the log scheme. Usually, α is omitted in the notation if there
is no danger of ambiguity.
For any morphism of sheaf of monoids α : P → OX , one can associate to it a log structure
Pa → OX functorially. If P is a constant sheaf of monoids, then it is called a chart of Pa.
A typical example of log scheme is the log pair: let (X,D) be a pair consists of a scheme X and
a reduced subscheme D on X of codimension 1. We can construct a log structure MD on X by
MD(U) = {f ∈ OX(U)|supp(f) ⊆ D ×X U}.
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A morphism of log scheme f : X → Y is consist of a morphism of the underlying schemes
f : X → Y and a morphism of sheaf of monoids f∗ : f−1MY → MX . We say that f is strict if
(f−1MY )a ≃ MX . f is called log smooth if
(1) the underlying morphism is locally of finite presentation and
(2) for any commutative diagram
T ′ //
i

X
f

T //
g
>>
Y
of log schemes such that i is a strict closed immersion whose ideal of definition I satisfies
I2 = (0), there exists locally on T a dotted arrow g rendering the diagram commutative.
A typical example of log smooth morphism is the semistable morphism:
Definition 2.1. Let X and Y be Noetherian schemes. Suppose that DX ⊆ X and DY ⊆ Y are
reduced Cartier divisors. A morphism of pairs f : (X,DX ) → (Y,DY ) is called semistable if the
following two conditions hold.
(1) X, Y are regular and DX ⊆ X, DY ⊆ Y are normal crossing divisors,
(2) for each point x ∈ X with f(x) = y, there are étale morphisms U → X and V → Y which
send x′ ∈ U and y′ ∈ V to x and y respectively and a morphism g rendering the diagram
U
x′ 7→x //
g

X
f

V
y′ 7→y
// Y
commutative. Here g is formally isomorphic to the spectrum of
ÔV,x → ÔV,x[[x1, · · · , xn]]/I
f 7→ f
where the ideal I is generated by
ri −
li∏
j=li−1+1
xj .
Here 0 = l0 < l1 · · · < lm ≤ n and ri are the defining functions of the formal branches of
DY ×Y V in V .
A semistable morphism is log smooth if X and Y are endowed with the log structures induced
by the divisors DX and DY . This is a direct consequence of the following criterion of K. Kato.
Theorem 2.2. ([9], Theorem 3.5) Let f : X → Y be a morphism of fine log schemes. Then f
is log smooth if and only if given any étale local chart Q → MY , there exist an étale local chart
P → MX , and a chart of f , Q→ P , such that
(a): Ker(Qgp → P gp) and the torsion part of Coker(Qgp → P gp) are finite groups of order
invertible on X, and
(b): the induced morphism X → Y ×SpecZ[Q] SpecZ[P ] is smooth (in the usual sense).
Let f : X → Y be a semistable morphism. By restricting the log structures on the fibers of f
at y ∈ Y , we get a log variety Xy which is log smooth over (k,Nr 7→ 0) where r is the number of
formal branches of DY at y. This suggests the following definition.
Definition 2.3. A log smooth variety X over a field (k,Nr 7→ 0) is of semi-stable type if for every
point x ∈ X, there exist
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• a pointed scheme (U, u),
• an étale morphism U → X which sends u to x (we do not require that k(u) ≃ k(x)) and
• a diagram of log schemes
U

g
// Spec(k[x1, · · · , xn]/(x1 · · · xl1 , xl1+1 · · · xl2, · · · , xlr−1+1 · · · xn),N
n)
pi
rr❡❡❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡
(k,Nr 7→ 0),
where g is smooth and the log structure of
Spec(k[x1, · · · , xn]/(x1 · · · xl1 , xl1+1 · · · xl2, · · · , xlr−1+1 · · · xn)
is induced by
α : Nn → k[x1, · · · , xn]/(x1 · · · xl1, xl1+1 · · · xl2 , · · · , xlr−1+1 · · · xn), α(ei) = xi.
Here ei = (0, · · · , 1, · · · , 0) ∈ Ns where 1 is placed on the i-th component.
Under a suitable order of x1, · · · , xn and 0 = l0 ≤ l1 < · · · < lr = n, the map on the log structure
of the morphism pi is induced by
N
r → Nn, ei 7→ eli−1+1 + · · · eli .
In this case we say that X is semistable log smooth over (k,Nr 7→ 0).
Given a morphism of log schemes f : X → Y , the relative cotangent sheaf of f is defined by
ΩX/Y := ΩX/Y ⊕ (M
gp
X ⊗Z OX)/ ∼,
where ∼ is a OX -submodule generated by
(1) (dα(a), 0) − (0, α(a) ⊗ a) with a ∈ MX , and
(2) (0, 1 ⊗ a) with a ∈ Image(f−1(MY )→ MX).
The canonical morphism M gpX → ΩX/Y is denoted by dlog. If f is log smooth, then ΩX/Y is locally
free. The log cotangent sheaf controls the log smooth deformation of a log smooth variety ([9],
[10]).
Theorem 2.4 ([9], Proposition 3.14). Let f : X → Y be a smooth morphism between fine log
schemes and let i : Y → Y ′ be an strict closed immersion such that Y is defined in Y ′ by a square
zero ideal I. Then there is an obstruction class obf,i ∈ H
2(X, (ΩX/Y )∨ ⊗ I) such that obf,i = 0 if
and only if there exists a log smooth morphism of fine log schemes f ′ : X ′ → Y ′ whose restriction
on Y is isomorphic to f .
Remark 2.5. Let Y be a fine log scheme and i : Y → Y ′ be a strict thickening (i.e., i is a closed
immersion defined by a nilpotent ideal sheaf where i is strict as a log morphism). Let X be a fine
log scheme which is log smooth over Y . If X is affine, then there exists a unique lifting (up to
non-unique isomorphism) over Y ′ ([9], Proposition 3.14). Étale locally a log smooth lifting can be
described as follows (loc. cit.).
Choosing a chart P of X and a chart Q of Y as in Theorem 2.2, we get the following diagram
X //
f

X ′
f ′

Spec(Z[P ]) ×Spec(Z[Q]) Y //

Spec(Z[P ])×Spec(Z[Q]) Y ′

k // Y ′
,
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where f is strict and étale. We can complete the diagram by the dotted arrows so that f ′ is strict,
étale and the square on the top is a fiber product (SGA I [5], Exposé 1). Here X ′ is a log smooth
lifting of X to Y ′.
3. Kodaira-Akizuki-Nakano Vanish for Semistable Log Varieties
In this section we prove that semistable log Fano varieties are unobstructed under the log smooth
deformations. To prove this we need to establish the Kodaira-Akizuki-Nakano vanishing theorem
for semistable log varieties. As corollaries, we prove the main results in this paper.
Definition 3.1. Let k be a field and X be a variety over k. X is said to be semistable if for each
point x ∈ X, there exists an étale morphism U → X which sends u ∈ U to x (we do not require
that k(u) ≃ k(x)) such that
ÔU,u ≃ k(u)[[x1, · · · , xn]]/(
li∏
j=li−1+1
xj).
Here 0 = l0 < l1 · · · < lr ≤ n.
This definition allows singularities like x2 + y2 = 0 defined over k = R.
Let X be a semistable variety over k. Since it is étale locally a product of normal crossing
singularities, X is Gorenstein and the dualizing sheaf ωX/k is an invertible sheaf.
Definition 3.2. A semistable variety X is called Fano if its dualizing sheaf ωX/k is anti-ample.
For a semistable log variety, the log canonical sheaf is isomorphic to the dualizing sheaf of the
underlying variety.
Lemma 3.3. Let X be a semistable log variety over k = (k,Nr 7→ 0), then
∧dimX ΩX/k ≃ ωX/k.
Proof. For simplicity, let us consider the normal crossing singularity. Denote by Z = {x1 · · · xr = 0}
a closed subspace of U = Spec(k[x1, · · · , xn]). Then
∧n−r ΩZ/k is an invertible sheaf generated by
dx1
x1
∧ · · · ∧
dxr
xr
∧ dxr+1 ∧ · · · ∧ dxn.
The dualizing sheaf ωZ/k has the same description by the adjunction formula. Since semistable
varieties are locally products of normal crossing singularities, the lemma is proved (We omit the
compatible verification here). 
Theorem 3.4. ([9] Theorem 4.12) Let k be a field of characteristic p > 0 and let X be a semistable
log smooth variety over k = (k,Nr 7→ 0). If X has a log smooth lifting over (C2(k),Nr 7→ 0), then
there is an isomorphism
τ<pF∗Ω•X/k ≃ ⊕0≤i<pΩ
i
X′/k[−i]
in D(X ′). Here F : X → X ′ is the relative Frobenius over k.
Theorem 3.5. Let k be a field of characteristic p > 0 and let X be a semistable log smooth
variety over k = (k,Nr 7→ 0). Fix dimX < p. Suppose that X has a log smooth lifting over
(C2(k),Nr 7→ 0). Then for any ample bundle A on X, we have that:
H i(X,ΩjX/k ⊗A) = 0
for dimX < i+ j < p, i > 0, and
H i(X,ΩjX/k ⊗A
−1) = 0
for i+ j < inf{p,dimX}, i < dimX.
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Proof. Consider the Frobenius square
X
FX
((PP
PP
PP
PP
PP
PP
PP
P
F
  ❇
❇
❇
❇
❇
❇
❇
f
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
X ′
g
//
f ′

X
f

k
Fk // k.
First Part. Since A is ample, we know that
H i(ΩjX/k ⊗A
pm+1) = 0, m≫ 0
for dimX < i+ j < p, i > 0. From the above vanishing result,
hi(Rf∗(Ω•X/Y ⊗A
pm+1)) = 0
for i > dimX. Due to Theorem 3.4, we have that
τ<pF∗(Ω•X/k ⊗A
pm+1) ≃
⊕
0≤i<p
ΩiX′/k ⊗ g
∗Ap
m
[−i].
Hence for dimX < i < p, we obtain that
H i(ΩiX′/k ⊗ g
∗Ap
m
) = 0.
Since the underlying morphism of g is an isomorphism,
H i(ΩjX/k ⊗A
pm) = 0
for dimX < i+ j < p, i > 0. Continuing this induction, we get that
H i(X,ΩiX/k ⊗A) = 0
for dimX < i+ j < p, i > 0.
Second Part. The proof of the second part is almost the same. Since X is Gorenstein, by
Serre-Grothendieck duality (cf.[6]), we have that
H i(X,ΩjX/k ⊗A
−pm) = 0, m≫ 0, i+ j < dimX.
This can be proved as follows:
Since X is Gorenstein, by Serre-Grothendieck duality (cf.[6]), we have that
H i(X,ΩjX/k ⊗A
−pm)∨ = HdimX−i(X,ωX/k ⊗ (Ω
j
X/k)
∨ ⊗Ap
m
) = 0, m≫ 0
for 0 < i < dimX. Hence
H i(Ω•X/k ⊗A
−pm) = 0, 0 < i < dimX, m≫ 0.
Due to Theorem 3.4, we know that
τ<pF∗(Ω•X/k ⊗A
−pm) ≃
⊕
0≤i<p
ΩiX′/k ⊗ g
∗A−p
m−1
[−i].
We have
H i(X,ΩjX/k ⊗A
−pm−1) = 0, i+ j < min(p,dimX), i < dimX.
By induction we get that
H i(X,ΩjX/k ⊗A
−1) = 0
for i+ j < min{p,dimX}, i < dimX. 
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In this case,
∧dimX ΩX/k is isomorphic to the dualizing sheaf ωX/k. Therefore the two vanishing
results are related by Serre-Grothendieck duality. We present here the separated proofs because
our argument hold for more general log smooth varieties (e.g. allowing divisors), for which the
dualizing sheaf is different from the log canonical sheaf.
By the standard reduction mod p technique, we have the following corollaries.
Corollary 3.6. Let k be a field of characteristic 0 and let X be a semistable log smooth variety
over k = (k,Nr 7→ 0). Then for any ample bundle A on X, we have that
H i(X,ΩjX/k ⊗A) = 0
for dimX < i+ j, i > 0, and
H i(X,ΩjX/k ⊗A
−1) = 0
for i+ j < dimX, i < dimX.
Proposition 3.7. Let k be a field and X be a semistable log Fano variety over k = (k,Nr 7→ 0),
then
(1) if chark = 0, then H2(X, (ΩX/k)∨) = 0 and H2(X,OX ) = 0.
(2) if chark = p > 0, dimX > p and X admits a log smooth lifting over (C2(k),Nr 7→ 0), then
H2(X, (ΩX/k)∨) = 0 and H2(X,OX) = 0.
Proof. By Theorem 3.5 and Corollary 3.6, we see that
H2(X, (ΩX/k)
∨) = Hn−2(X,ΩX/k ⊗ ωX/k) = 0.
By Lemma 3.3, we obtain that
H2(X,OX ) = H2(X,
dimX∧
ΩX/k ⊗ ω
−1
X/k) = 0.

4. Smoothing of Semistable Log Fano Varieties
The vanishing theorems in the last section ensure the lifting of a semistable log Fano variety to
a complete DVR. To extend this family to a variety base, we need to study the limit preserving
property of semistable log smooth morphisms (Proposition 4.2). First we would like to generalize
the notion of semistable log morphisms.
Definition 4.1. Let Y be a log scheme which has a global chart Nr. A morphism f : X → Y is
semistable log morphism if étale locally there exists a chart Nn → MX on X and a chart of f ,
N
r =
r⊕
i=1
Nei → N
n =
n⊕
i=1
Ne′i
ei 7→ eli−1 + · · · eli
where 0 = l0 ≤ l1 < · · · < lr = n, such that the induced morphism
X → S ×SpecZ[Nr ] SpecZ[N
n]
is smooth in the usual sense.
This definition generalizes Definition 2.3. If (Y,DY ) is a smooth variety with the log structure
induced by a simple normal crossing divisor DY , then the underlying morphism of a semistable log
smooth morphism f : X → Y is semistable in the sense of Definition 2.1.
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Proposition 4.2. Given an k[Nr]-algebra A, denote Alog be the log algebra A whose log structure
is given by the composition of Nr → k[Nr] and the structure homomorphism k[Nr] → A. Then the
pseudo-functor from the category of k[Nr]-algebras to the category of groupoids
F (k[Nr]→ A) = the groupoid of log scheme X semistable log smooth over Alog
is limit preserving, i.e., for any directed inverse system of k[Nr]-algebras Ai, the canonical functor
σ : F (lim
i
Ai)→ lim
i
F (Ai)
is an equivalence.
Proof. Denote by A the limit algebra limiAi. The fully faithfullness of σ is formal. It suffices
to prove that σ is essentially surjective, i.e., for any X ∈ F (A), there exists an index i0 and
Xi0 ∈ F (Ai0) such that its base change on A is X.
Since X is locally of finite presentation over Spec(A), there exists an index i1 and a scheme
Xi1 locally of finite presentation over Spec(Ai1) such that its base change on Spec(A) is X. To
construct the log structure, we consider the pseudo-functor
LogAi1 (X) = the groupoid of fine log structures on X over A
log
i1
.
It is proved in [14] that this pseudo-functor is represented by an algebraic stack locally of finite
presentation over Ai1 . Therefore LogAi1 is limit preserving. Applying LogAi1 on the directed inverse
system {Xi1 ×Ai1 Ai}i≥i1 , we see that there exists an index i2 ≥ i1 and a fine log structure over
Xi2 = Xi1 ×SpecAlog
i1
SpecAlogi2
such that the base change of the log scheme Xi2 over A isX. So far, Xi2 is not necessarily semistable
log smooth over Alogi2 . We have to show that there exists an index i0 ≥ i2 such that
Xi0 = Xi2 ×SpecAlog
i2
SpecAlogi0
is semistable log smooth over Alogi0 . Fixing a point x ∈ X, there exists an étale local chart N
m → MX
at x, and a chart of f ,
N
r =
r⊕
i=1
Nei → N
n =
n⊕
i=1
Ne′i
ei 7→ eli−1+1 + · · · eli
where 0 = l0 ≤ l1 < · · · < lk = n, such that the induced morphism
X → SpecAlog ×SpecZ[Nr ] SpecZ[N
n]
is smooth in the usual sense. There exists an index i3 ≥ i2 such that the diagram
X //

SpecZ[Nn]

SpecAlog // SpecZ[Nr]
factors through
Xi3 //

SpecZ[Nn]

SpecAlogi3
// SpecZ[Nr]
and the induced morphism
Xi3 → SpecA
log
i3
×SpecZ[Nr ] SpecZ[N
n]
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is smooth in the usual sense. Hence locally at the pre-images of x ∈ X, Xi3 is semistable log smooth
over Alogi3 . Since X is quasi-compact, there exists an index i0 ≥ i2 such that Xi0 = Xi2 ×Alog
i2
Alogi0
is semistable log smooth over Alogi0 . 
Theorem 4.3. Let k be a field and X be a semistable projective log variety over k = (k,Nr 7→ 0)
such that H2(X, (ΩX/k)∨) = 0 and H2(X,OX) = 0. Then there exists a log variety X which is
semistable log smooth over (B,DB) such that
(1) B is a r dimensional smooth variety over k, 0 ∈ B is a k-point, and DB is a simple normal
crossing divisor whose number of branches at 0 is r;
(2) X0 ≃ X as log varieties.
Proof. By Theorem 2.4, X has a log smooth lifting X̂ over the formal log scheme
B̂ = (Spfk[[x1, · · · , xr]],Nr = ⊕ri=1Nei, ei 7→ xi).
Since H2(X,OX) = 0, any ample line bundle on X has a lifting over B̂. Denote
B1 = (Speck[[x1, · · · , xr]],Nr = ⊕ri=1Nei, ei 7→ xi).
By Grothendieck’s existence theorem, there exists a log variety X1 log smooth over B1 whose
formal completion is X̂ . By Remark 2.5, étale locally there is a commutative diagram
X //
f

X
f ′

Spec(Z[Nn])×Spec(Z[Nr ]) k //

Spec(Z[Nn])×Spec(Z[Nr ]) Speck[[x1, · · · , xr]]

k // Speck[[x1, · · · , xr]]
,
where f is strict and étale, f ′ is strict, étale and the square on the top square is a fiber product.
The morphism Spec(Z[Nr])→ Spec(Z[Nn]) is induced by the homomorphism of monoids
N
r =
r⊕
i=1
Nei → N
n =
n⊕
i=1
Ne′i
ei 7→ eli−1+1 + · · · eli .
Here 0 = l0 ≤ l1 < · · · < lr ≤ n. This shows that X1 → B1 is semistable.
To extend the family X1 over a variety base, let us consider the pseudo-functor from the k[Nr]-
algebras to groupoids:
G (k[Nr]→ A) = {groupoids of semistable log smooth varieties over Alog}
where Alog is the log algebra A whose log structure is given by the composition of Nr → k[Nr]
and the structure homomorphism k[Nr]→ A. By Proposition 4.2, this functor is limit preserving.
Hence by Artin’s approximation ([2]), there exists X h1 ∈ G (k[N
r]h) whose base change on k is X.
Here k[Nr]h denotes the Henselization of k[Nr] at the maximal ideal generated by Nr. Again by
Proposition 3.7, X h1 extends to an k[N
r]-algebra R which is étale over k[Nr]. Denote B = SpecRlog,
then this gives a semistable log smooth morphism X → B) which is required in the theorem. 
Corollary 4.4. Let k be a field of characteristic 0 and X be a Fano semistable variety. Let r ≥ 1
be an integer. Then the followings are equivalent:
(1) there exists a log variety X which is semistable log smooth over (B,DB) such that
(a) B is an r dimensional smooth variety over k, 0 ∈ B is a k-point, and DB is a simple
normal crossing divisor whose number of branches at 0 is r;
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(b) X0 ≃ X as log varieties.
(2) X has a log structure of semistable type over (k,Nr 7→ 0).
Proof. A semistable morphism f : (X ,DX )→ (B,DB) is log smooth if we endow X and B with
the log structures induced by the divisors DX and DB. If X is isomorphic to a fiber Xb of a
semistable morphism, then the log structure restricted on Xb gives X a log structure of semistable
type over (k,Nr 7→ 0) where r is the number of formal branches of DB passing b.
The converse is the combination of Proposition 3.7 and Theorem 4.3. Since ωX /B′ is locally free,
there exists an open neighbourhood U of 0 such that ωXb is anti-ample for every b ∈ U . 
By the same argument, we get the following corolary.
Corollary 4.5. Let k be a field of characteristic p > 0 and X be a log variety X semistable log
smooth over (k,Nr 7→ 0) for some r ≥ 0. Fix dimX < p. If X is Fano and admits a log smooth
lifting over (C2(k),Nr 7→ 0), then there exists a smooth variety with a normal crossing divisor
(X ,DX ) which is semistable over (B,DB) such that
(1) B is an r dimensional smooth variety over k, 0 ∈ B is a k-point, and DB is a simple normal
crossing divisor whose number of branches at 0 is r;
(2) X0 ≃ X as log varieties.
In particular, if X is semistable log smooth over (k,N 7→ 0) (i.e., d-semistable in [3]), then X
appears in a semistable reduction over C(k).
References
[1] D. Abramovich and K. Karu, Weak semistable reduction in characteristic 0, Invent. Math. 139 (2000), no. 2,
241–273, DOI 10.1007/s002229900024. MR1738451 ↑1
[2] M. Artin, Algebraic approximation of structures over complete local rings, Inst. Hautes Études Sci. Publ. Math.
36 (1969), 23–58. MR0268188 ↑10
[3] R. Friedman, Global smoothings of varieties with normal crossings, Ann. of Math. (2) 118 (1983), no. 1, 75–114,
DOI 10.2307/2006955. MR707162 ↑2, 11
[4] T. Fujita, On del Pezzo fibrations over curves, Osaka J. Math. 27 (1990), no. 2, 229–245. MR1066621 ↑1
[5] A. Grothendieck, Revêtements étales et groupe fondamental., Séminaire de Géométrie Algébrique, vol. 224,
Springer Lecture Notes, 1971. ↑6
[6] R. Hartshorne, Residues and duality, Lecture notes of a seminar on the work of A. Grothendieck, given at Harvard
1963/64. With an appendix by P. Deligne. Lecture Notes in Mathematics, No. 20, Springer-Verlag, Berlin-New
York, 1966. MR0222093 ↑7
[7] Y. Kachi, Global smoothings of degenerate Del Pezzo surfaces with normal crossings, J. Algebra 307 (2007),
no. 1, 249–253, DOI 10.1016/j.jalgebra.2006.03.029. MR2278052 ↑1
[8] K. Karu, Semistable reduction in characteristic zero, ProQuest LLC, Ann Arbor, MI, 1999. Thesis (Ph.D.)–
Boston University. MR2698884 ↑1
[9] K. Kato, Logarithmic structures of Fontaine-Illusie, Algebraic analysis, geometry, and number theory (Baltimore,
MD, 1988), Johns Hopkins Univ. Press, Baltimore, MD, 1989, pp. 191–224. MR1463703 (99b:14020) ↑3, 4, 5, 6
[10] F. Kato, Log smooth deformation theory, Tohoku Math. J. (2) 48 (1996), no. 3, 317–354, DOI
10.2748/tmj/1178225336. MR1404507 ↑5
[11] Y. Kawamata and Y. Namikawa, Logarithmic deformations of normal crossing varieties and smoothing of degen-
erate Calabi-Yau varieties, Invent. Math. 118 (1994), no. 3, 395–409, DOI 10.1007/BF01231538. MR1296351
↑2
[12] J. Bertin, J.-P. Demailly, L. Illusie, and C. Peters, Introduction to Hodge theory, SMF/AMS Texts and Mono-
graphs, vol. 8, American Mathematical Society, Providence, RI; Société Mathématique de France, Paris, 2002.
Translated from the 1996 French original by James Lewis and Peters. MR1924513 (2003g:14009) ↑
[13] G. Kempf, F. F. Knudsen, D. Mumford, and B. Saint-Donat, Toroidal embeddings. I, Lecture Notes in Mathe-
matics, Vol. 339, Springer-Verlag, Berlin-New York, 1973. MR0335518 ↑1
[14] M. C. Olsson, Logarithmic geometry and algebraic stacks, Ann. Sci. École Norm. Sup. (4) 36 (2003), no. 5,
747–791, DOI 10.1016/j.ansens.2002.11.001 (English, with English and French summaries). MR2032986 ↑9
[15] N. Tziolas, Smoothings of Fano varieties with normal crossing singularities, Proc. Edinb. Math. Soc. (2) 58
(2015), no. 3, 787–806, DOI 10.1017/S0013091515000024. MR3391373 ↑1, 3
12 JUNCHAO SHENTU
Shanghai Center for Mathematical Science, Fudan University, Shanghai, P. R. China
E-mail address: stjc@amss.ac.cn
